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% BACKHOE DIGGING SIMULATION

% Joe Frankel
% Spring 2003

% This program simulates the digging motion of the backhoe and plots the
% bucket trajectory and corresponding cylinder positions

clear all; close all; clc;
% Define digging dimensions

reach=90;

plunge=60;

scoop=45;

N=200;

% Retreive desired 6xN twist trajectory
traj=dig(reach,plunge, scoop,N) ;

% Set up link dimensions

R=dimensions (1) ;

a=[R(1,1) R(2,2) R(3,3) R(4,1)];

% Cylinder limitations

Rclim=[7.5 29 27.6990 22.0242; % <- minimums (Rc2min=30.7529in, calculated)
16.6208 46.5434 41.9298 38.6144]; % <- maximums

% Loop through each set of data points
k=0
for i=1:N

’

% Compute Bucketdisp matrix from current values of traj
% Note rotation matrices from base frame to e-e frame
t(i)=traj(i,1);
PO4x=traj (i, 2);
PO4y=traj (i, 3);
PO4z=traj (i, 4);
phi=traj (i, 5)*pi/180;
Tl=atan2 (P04y,P04x) ;
Rx90=[1 0 O;

00 -1;

010];

Rz180=[-1 0 O;

0 -1 0;

00 171;

RymTl=[cos (-T1) 0 sin(-T1);

01 0;

-sin(-T1) 0 cos(-T1)];
Rzp=[cos (phi) -sin(phi) O0;
sin(phi) cos(phi) 0;

00 1]1;
R04=Rx90*Rz180*RymT1*Rzp;
P04=[P04x P04y P04z]"';
Bucketdisp=[R04 P04;

000 1];

% Solve for joint angles in the current configuration
theta=Rdisp (Bucketdisp,a)*180/pi;

% Generate Joint positions for the current configuration
for j=2:4
Jpos{j}=Jdisp (R, theta,j);
end
J2x (1)=Jdpos{2}(1,4);
J2z (1)=Jpos{2}(3,4);
J3x (1)=Jpos{3}(1,4);
J3z (1)=Jdpos{3}(3,4);
J4x (1)=Jdpos{4}(1,4);
J4z (1)=Jpos{4}(3,4);



% Create a set of link positions every few points
if mod(i,5)==0 | i==
k=k+1;
Xpos{k}=[a(l) J2x (i) J3x(1i) J4x(i)];
Zpos{k}=[0 J2z (i) J3z (1) J4z(i)];
end
% Compute cylinder lengths in this configuration
Rc=joint to cyl(R,theta);
Rc2 (i)=Rc (2);
Rc3(1)=Rc(3);
Rc4d (1)=Rc (4) ;
end
% Plot the joint trajectories
plot(J2x,J2z, 'k',J3%x,J3z, 'm',J4%x,J4z, 'r', [-10 max (J4x)+10],[-13 -13]1,'g")
title ('Backhoe Joint Trajectories')
xlabel ('Horizontal position x O [in]")
ylabel ('Vertical position z 0 [in]"')
hold on;grid on
plot(0,0,'0")
x1lim=([-10 1107]);
ylim=([-60 60]);
for h=1:k
plot (Xpos{h}, Zpos{h},Xpos{h}, Zpos{h},'0")
end
legend('elbow', 'wrist', 'tip', "ground')

% Plot the joint lengths

figure

subplot (3,1,1)

plot(t,Rc2,'b", [0 20], [Rclim(1,2) Rclim(l,2)]1,'r"',
[0 20], [Rclim(2,2) Rclim(2,2)]1,'r")

ylabel ('length [in]")

ylim=([Rclim(1,2)-10 Rclim(2,2)+101]);

title ('Boom Cylinder Length')

legend('length', "travel limits')

subplot (3,1, 2)

plot(t,Rc3,'b"', [0 20], [Rclim(1,3) Rclim(1,3)1,'r"',
[0 201, [Rclim(2,3) Rclim(2,3)]1,'r")

ylabel ('length [in]")

ylim=([Rclim(1,3)-10 Rclim(2,3)+101]);

title('Stick Cylinder Length')

legend('length', "travel limits')

subplot (3,1, 3)

plot(t,Rc4,'b', [0 20], [Rclim(1,4) Rclim(1l,4)]1,'x",
[0 20], [Rclim(2,4) Rclim(2,4)],'r")

ylabel ('length [in]")

ylim=([Rclim(1,4)-10 Rclim(2,4)+101]);

title ('Bucket Cylinder Length')

legend('length', "travel limits')



function R=dimensions (a)

o\

——————————————————————— LINK DIMENSIONS ===========
All dimensions in inches. Note that only center-to-center joint
distances ar required. See drawings for dimensions and point labels.

o©

o©

o\

----Link 1----
% Dimension constants from length measurements
RO1=8.5;

RON=10.5;

RAN=7.5;

RIM=10; % <-=77

ROM=6; % <--727?

ROK=5.5; % <--727

% Calculated interior angle and dimension constants
R1A=sqgrt (RON"2+ (RO1-RAN) "2) ;
TOlA=atan (RON/ (RO1-RAN)) ;

% —----Link 2 (Boom)----

% Dimension constants from length measurements
R1C=17.5;

R12=48;

R2C=36.25;

R1B=36;

R2B=12.35;

% Calculated interior angle and dimension constants
TB1l2=acos ( (R1B"2+R1272-R2B"2) / (2*R1B*R12)) ;
T12C=acos ( (R1272+R2C"2-R1C"2)/ (2*R12*R2C)) ;

% ----Link 3 (Stick)----

o

)

% Dimension constants from length measurements
R2D=9+3/16;

RDE=13;

R23=38.5;

R2E=7+5/8;

R3D=47.25;

REF=30.77;

R3F=4.5;

% Calculated interior angle and dimension constants
RDF=R3D-R3F;

TD23=acos ( (R2D"2+R23"2-R3D"2) / (2*R2D*R23) ) ;
TDFE=acos ( (RDF*"2+REF"2-RDE"2) / (2*RDF*REF) ) ;

% —----Link 4 (Bucket)----

o

)

% Dimension constants from length measurements
R34=18.5;

R3G=5.5;

R4G=20.01;

% Calculated interior angle and dimension constants
TG34=acos ( (R3G"2+R3472-R4G"2) / (2*R3G*R34) ) ;

% —--—--Bucket sub-links----
RFH=9.5;
RGH=9.5;

o

Place all dimensions and angles into matrix R
--Columns 1-7 are lengths [in]

--Columns 8-9 are angles [rad]

--Row (1) contains dimensions for Link (i)

o° oo

o\©

R=[R01 RON RAN RJM R1A ROM ROK TO1lA O;

R1C R12 R2C R1IB R2B 0 0 TB1l2 T12C;

R2D RDE R23 R2E R3D REF RDF TD23 TDFE;

R34 R3G R4G RFH RGH 0 0 TG34 0;];
% Output angle dimensions in degrees if desired
Rd=[R(:,1:7) R(:,8:9)*180/pil;



function theta=Rdisp (B, a)

o)

% This function computes the reverse displacement analysis of the backhoe

% Solve for theta(l) directly from B matrix
theta(l)=atan(B(2,1)/B(1,1));

% Frame 0->1: Rotate +90 deg about x, then theta(l) about y
Rx90=[1 0 0;0 0 -1;0 1 01,

Rytl=[cos (theta(l)) -sin(theta(l)) O0;
sin (theta(l)) cos(theta(l)) O0;
00 11;

RO1=Rx90*Rytl;
% Frame 1 wrt frame 0
p001l=a(l) *[cos (theta(l)) sin(theta(l)) 0]"';
pl01=R0O1"'*p001;

% Frame 4 wrt frame 3 and 1
pl04=RO1"*[B(1,4) B(2,4) B(3,4)]1"';
p034=a(4)*[B(1,1) B(2,1) B(3,1)]"';
pl34=R01'*p034;

pll4=RO1"'*[B(1,4) B(2,4) B(3,4)]'-R01"'"*p001;

% Frame 3 wrt frame 1
pll3=pll4-pl34;

% Solve triangle 123 for theta(3)
PWx=pl13(1);

pWy=pl13(2);
c3=(pWx"2+pWy"2-a (2) "2-a(3)"2)/(2*a(2)*a(3));
s3=-sqgrt (1-c3"2);

theta (3)=atan2 (s3,c3);

% Use results of last step to set up system of 2 egns and solve for theta(2)
A=pWx+pWy;

B2=a (2)+a(3) * (c3+s3);
C=a(2)+a(3)*(c3-s3);
D=pWx-pWy;

E=C;

F=B2;

G=inv ([B2 C;E -F])*[A D]';
c2=G(1);

s2=G(2);

theta (2)=atan2(s2,c2);

% Solve for theta(4)
phi=atan2(B(3,1),B(1,1));
theta (4)=phi-theta (2)-theta(3);



function Jpos=Jdisp (R, theta, J)

o)

% This function computes end-effector displacement

theta=theta*pi/180;
alpha=[pi/2 0 0 0];
d=[0 0 0 0],
a=[R(1,1) R(2,2) R(3,3) R(4,1)]1;
% Compute Homogeneous Transformation Matrices
Jpos=eye (4) ;
for i=1:j
st=sin(theta(i));
ct=cos (theta (1)) ;
sa=sin (alpha(i))
ca=cos (alpha(i));
A{i}=[ct -st*ca st*sa a(i)*ct;
st ct*ca -ct*sa a(i)*st;
0 sa ca d(i);
000 1];
Jpos=Jpos*A{i};
end

’



function Rc=joint to cyl (R, theta)

This function computes the required cylinder lengths for a given set of joint angles

o\

o©

Extract relevant dimensions from the 4x9 R matrix in the sublink area

o

o\

R=[R0O1 RON RAN RJM R1IA ROM ROK TO1A O0;
R1C R12 R2C R1B R2B 0 0 TB12 T12C;
R2D RDE R23 R2E R3D REF RDF TD23 TDFE;
R34 R3G R4G RFH RGH 0 0 TG34 0;];

oC o° o

o\

1.

ROM=R(1,6);
RIM=R (1, 4);
ROK=R(1,7);

%2.
TO1A=R (1, 8) ;
TB12=R (2, 8) ;
R1A=R(1,5);
R1B=R (2, 4) ;

%3.
TD23=R (3, 8) ;
T12C=R (2, 9) ;
R2C=R (2, 3) ;
R2D=R (3, 1) ;

%4.

R23=R(3,3);
R3D=R(3,5) ;

TG34=R (4,8);
R3F=R(3,5)-R(3,7);
R3G=R (4,2) ;
RGH=R (4, 5) ;
RFH=R (4, 4) ;
TDFE=R (3, 9) ;
REF=R (3, 6) ;

theta=theta*pi/180;
% ========= PART 1: Compute Swing Cylinder Length Rc(l) from theta(l) ========

ROJ=sqgrt (ROM"2+RJIM"2) ;

TJOM=atan (RJM/ROM) ;

Tx00J=pi-TJOM;

Rc(1l)=sgrt (ROJ*"2+ROK"2-2*ROJ*ROK*cos (Tx00J+theta (1))) ;

% ========= PART 2: Compute Boom Cylinder Length Rc(2) from theta(2) ========

TAlx1=pi-TO1lA;
TA1B=TAlx1-TB1l2-theta (2) ;
Rc(2)=sqgrt (R1A"2+R1B"2-2*R1A*R1B*cos (TA1B) ) ;

% ========= PART 3: Compute Stick Cylinder Length Rc(3) from theta(3) ========

TC2D=3*pi-TD23-T12C-theta (3);
Rc (3)=sqgrt (R2C"2+R2D"2-2*R2C*R2D*cos (TC2D)) ;

% ========= PART 4: Compute Bucket Cylinder Length Rc(4) from theta (4) ========
% Compute the two known vector angles from forward transformation matrices
Jpos3=Jdisp (R, theta*180/pi, 3);

T23D=acos ( (R2372+R3D"2-R2D"2) / (2*R23*R3D) ) ;

phil=atan2 (Jpos3(3,1),Jpos3(1,1))-T23D;

Jpos4=Jdisp (R, theta*180/pi, 4);
phi2=atan2 (Jpos4 (3,1),Jpos4 (1,1))+TG34;

% Enter the vector lengths from known quantities in the R matrix
r=[R3F R3G RGH RFH];

% Use the Matlab 'fminsearch' function to find the 2 unknown angles in the vector
loop equation R1+R2+R3+R4=0 (see sketch)

o\



guess=[pi/4 pil;

phi34=fminsearch ('sublinkpos',guess,optimset ('display', 'off'), r,phil,phi?2);
phi4=phi34 (2);

% Compute upper sublink interior angle
THF3=-pi-phil+phi4;

% Compute cylinder 4 interior angle
TEFH=pi-THF3-TDFE;

% Compute cylinder 4 length by solving cosine law
Rc(4)=sqrt (REF"2+RFH"2-2*REF*RFH*cos (TEFH) ) ;



function theta=cyl to joint (Rc,R)

o\

This function computes the joint angles of the backhoe based on
cylinder positions measurements and link dimensions

o©

o

Extract necessary dimensions from R matrix

o\

oo

R=[R01 RON RAN RJM R1A ROM ROK TO1lA O;
R1C R12 R2C R1B R2B 0 O TB12 T12C;
R2D RDE R23 R2E R3D REF RDF TD23 TDFE;
R34 R3G R4G RFH RGH 0 0 TG34 0;];

o° oo

o\

R1A=R(1,5);
R1B=R (2, 4) ;
TO1A=R (1, 8);
TB12=R (2, 8) ;
R2C=R (2, 3) ;
R2D=R(3,1);
T12C=R (2, 9) ;
TD23=R (3, 8) ;
REF=R (3, 6) ;
RFH=R (4, 4) ;
TDFE=R (3, 9) ;
R3F=R(3,5)-R(3,7);
R3G=R (4,2) ;
RGH=R (4, 5) ;
TG34=R (4, 8) ;
R23=R (3, 3) ;
R3D=R (3, 5) ;

% Expand cylinder lengths from Rc vector
RJIK=Rc (1) ;

RAB=Rc (2) ;
RCD=Rc (3) ;
REH=Rc (4) ;

% 1. Compute theta(l) from Swing Cylinder measurement Rc (1)
theta (1)=0;

% 2. Compute theta(2) from Boom Cylinder measurement Rc(2)
TAl1B=acos ( (R1A%2+R1B"2-RAB"2) / (2*R1A*R1B) ) ;
theta (2)=pi-TO1A-TA1B-TB12;

% 3. Compute theta(3) from Stick Cylinder measurement Rc(3)
TC2D=acos ( (R2C*2+R2D"2-RCD"2) / (2*R2C*R2D) ) ;
theta (3)=3*pi-T12C-TC2D-TD23;

% 4. Compute theta(4) from Bucket Cylinder measurement Rc (4)
TEFH=acos ( (REF*"2+RFH"2-REH"2) / (2*REF*RFH) ) ;
THF3=pi-TDFE-TEFH;

R3H=sqrt (R3F"2+RFH"2-2*R3F*RFH*cos (THF3) ) ;

TF3H=acos ( (R3F*2+R3H"2-RFH"2) / (2*R3F*R3H) ) ;

TH3G=acos ( (R3H"2+R3G"2-RGH"2) / (2*R3H*R3G) ) ;

T23D=acos ( (R2372+R3D"2-R2D"2) / (2*R23*R3D) )
theta (4)=3*pi-TF3H-TH3G-TG34-T23D;

’

)

% Verification section: use to check computed angles w/drawings

$TA1B=TA1B*180/pi
$Theta2=theta (2)*180/pi

$TC2D=TC2D*180/pi
$Theta3=theta (3) *180/pi

STEFH=TEFH*180/pi
$TDFE=TDFE*180/pi
$THF3=THF3*180/pi
$TF3H=TF3H*180/pi
$TH3G=TH3G*180/pi
$Thetad=theta (4) *180/pi



[

% This program computes cylinder positions from bucket tip
clear all; close all; clc;
% Enter the displacement info here

P04x=0;

P04y=0;
P04z=-103;
phi=100*pi/180;

% Retrieve dimensions
R=dimensions (1) ;
a=[R(1,1) R(2,2) R(3,3) R(4,1)1];

% Compute e-e displacement matrix
% Note: (x0 y0 z0) dot y4 and (x0 y0 z0) dot z4 not needed
Tl=atan2 (P04y, P04x) ;
Rx90=[1 0 O;
00 -1;
01 0];
Rz180=[-1 0 0O;
0 -1 0;
00 11;
RymTl=[cos (-T1) 0 sin(-T1)
01 0;
-sin(-T1) 0 cos(-T1l)];
Rzp=[cos (phi) -sin(phi) O0;
sin(phi) cos(phi) O0;
00 11;
R04=Rx90*Rz180*RymT1*Rzp;
P04=[P04x P04y P04z]';
Bucketdisp=[R04 P04;
000 1];
% Compute joint angles
theta=Rdisp (Bucketdisp,a)*180/pi;
% Compute cylinder lengths
Rc=joint to cyl (R, theta)

position and angle



function J=Jacobian (R, theta)
% This function computes the Jacobian matrix for the backhoe
% based on the link dimensions and joint angles

% Extract link lengths from R matrix
al=R(1,1);

a2=R(2,2);

a3=R(3,3);

% Define joint angles
tl=theta(l);

t2=theta (2);

t3=theta (3);

% Unit vectors
z0=[0 0 1]1"';
z1=2z0;

z2=20;

z3=2z0;

% Define vectors from base frame origin to origins 1-3
p0=[0 0 0]"';
pl=[al*cos(tl) al*sin(tl) 0]"';
p2=[al*cos (tl)+a2*cos(t2) *cos(tl) al*sin(tl)+a2*cos(t2)*sin(tl) a2*sin(t2)]';
p3=[al*cos (tl)t+ta2*cos (t2)*cos(tl)+a3*cos(t2+t3) *cos(tl);
al*sin(tl)+a2*cos (t2)*sin(tl)+a3*cos (t2+t3) *sin(tl);
a2*sin(t2)+a3*sin (t2+t3)1];

% Choose 03 as end-effector
=p3

’

e}

% Compute Jacobian
J=[cross (z0,p-p0) cross(zl,p-pl) cross(z2,p-p2) cross(z3,p-p3):;
z0 z1 z2 z3];



function traj=dig(reach,plunge, scoop,N)

o\

o©

This function computes an Nx5 matrix representing bucket displacement
throughout the digging motion

o° oo

o\

traj=[t (1) x(1) y(1) z(1) phi(l);
t(2) x(2) y(2) z(2) phi(2);

’

o° oo

o

’

o\

’

t(N) x(N) y(N) z(N) phi(N);

o° oo

o

Where t is time, x,vy,z are the position of the bucket tip relative to the
base frame, and phi is the angle of the bucket wrt the -x0 axis

o oe

o©

Digging motion is defined by three intervals:

o

% 1. reach -- extend e-e on +x0 direction by distance 'reach'
% 2. plunge -- bring e-e down into soil below base frame origin by distance
% 3. scoop -- draw e-e back toward tractor in an arc with radius 'scoop'

o

o\

'plunge’

)

% Set up the initial configuration and initialize the output matrix
start=[0 30 0 2 -201;

traj=[start;zeros (N-1,5)];

x (1)=start (2);

y(l)=start(3);

z(1l)=start (4);

phi(1)=start (5);

% Define the desired angles at the end of each step
phil=140;

phi2=120;

phi3=-20;

% Set up the parameters for the scooping interval
Tl=atan ((-0.3*plunge)/ (0.6*reach));
r1=0.6*reach/cos (T1);

T2i=atan2 (-0.7*plunge, 0.4*reach) ;
r2=(0.4*reach) /cos (T21i) ;

T2f=-165*pi/180;
% Define the time intervals
tf=20;
tl1=0.2*tf;
t2=0.4*tf;
dt=tf/N;
t(1)=0;
% Loop through the time steps and create displacement values at each step
for i=2:N
t(i)=t(i-1)+dt;

% First interval: reach

if t(i)<tl
x(1)=x(1)+((reach-x(1))/tl)*t (i) ;
y(i)=y(1);
z(1)=z

(1) = ((13+z (1)) /tl)*t (1)
phi (i) =phi (1) + ( (phil-phi (1)) /t1) *t(i);
% Second interval: plunge
elseif tl<t(i) & t(i)<t2
x(1)=x(i-1);
y(i)=y(i-1);
z(1)=-13+((13-plunge)/ (t2-tl))*(t(i)-tl);
phi (1)=phil+ ((phi2-phil)/ (t2-tl1))*(t(i)-tl);
% Third interval: scoop
else
T2=T21i+ ((T2f-T21) / (t£-t2)) * (t(1)-t2);
x(1i)=rl*cos (Tl)+r2*cos (T2);



y(i)=y(i-1);

z(1)=rl*sin(T1l)+r2*sin (T2);

phi (1)=phi2+ ((phi3-phi2)/ (tf-t2)) * (t (1) -t2);
end
% Place configuration values into output matrix
traj(i,1)=t(1);

traj(i,2)=x(1i);

traj(i,3)=y(i);

traj(i,4)=z(1);

traj(i,5)=phi(i);
end

% Plot e-e trajectory
$plot(x,z,x,-13)
$x1im([-10 max(x)+107)



